By using the concept of concurrence, the entanglement of periodic anisotropic XY chains in a transverse field is studied numerically. It is found that the derivatives ∂ λ C(1) of nearest-neighbour concurrence diverge at quantum critical points. By proper scaling, we found that all the derivatives ∂ λ C(1) for periodic XY chains in the vicinity of quantum critical points have the same behaviours as that of a uniform chain.
Introduction
Quantum entanglement is the most remarkable trait of quantum systems and cannot be accounted for classically. The early study of entanglement is only focused on the foundations of quantum mechanics [1] . Recently, due to its potential applications in quantum communications, quantum cryptography, quantum computer and quantum information [2] , entanglement has been studied extensively. One of the most important progresses is the quantitative measures of entanglement for the mixed state by using the entanglement of formation [3, 4] . For the special case of two spin- 1 2 systems, the entanglement of formation is given by the concurrence C [5, 6] .
On the other hand, there has been much interest in the quantum phase transition recently [7] . Usually, the quantum phase transitions are associated with the changes of the ground-state wavefunction. Therefore, it is natural to see if there are changes in the entanglement at the quantum phase transition point. Recently, there were some works [8] [9] [10] [11] on the relationship between the entanglement and the quantum phase transition of the spin chains. By using the concurrence, Osterloh et al [9] found that there is a universal scaling behaviour for the derivatives of the entanglement of the uniform anisotropic XY chain in the vicinity of the quantum phase transition. The von Neumann entropy of a large block of neighbouring spins and its singularity at the quantum phase transition point have been studied for XXZ [10, 11] and XY spin chains [10, 12] .
Recently, we studied the quantum phase transitions of periodic and quasiperiodic anisotropic XY chains in a transverse field and found that there are more than one quantum phase transition point (QPTP) on some parameter regions for periodic and quasiperiodic chains, and the number of QPTPs is dependent on the parameters and the structure of systems, which is quite different from those of the quantum Ising chain in a transverse field and the uniform anisotropic XY chain without transverse field [13] . In this paper, we shall study the behaviour of the entanglement in the vicinity of quantum phase transition of periodic anisotropic XY model by using the concept of concurrence.
The paper is organized as follows. In section 2, we introduce the formula and method with which we can study the entanglement of the periodic anisotropic XY chain. In section 3, we discuss the finite-size effect and boundary condition for the spin chain. In section 4, we study the behaviour of the entanglement of the periodic chains by numerical results. We present some discussions and conclusions in section 5.
Formula and method
The Hamiltonian of the general anisotropic XY model in a transverse field is given by
where λ i are the nearest-neighbour interactions, σ α i the αth Pauli matrix (α = x, y or z) on site i, N the number of sites, and γ the degree of anisotropy. For λ i = λ, the model is a uniform quantum spin chain. For the model of a period-two quantum spin chain,
By use of the famous Jordan-Wigner transformation, the Hamiltonian can be written as
where
With neglect of the last term, the Hamiltonian equation (2) can be written as
. The quadratic Hamiltonian equation (2) may be diagonalized by Bogliubov transformation,
− 1; and p ki and q ki can be chosen to be real. By requiring that the operator η k obey fermionic anticommutation relations, and that the Hamiltonian equation (2) be manifestly diagonal, the following two coupled matrix equations must hold
where − → φ k , − → ψ k are two column vectors, and are given by
Then the Hamiltonian takes the form
Following the study of the uniform anisotropic XY chain [9] , we use the concurrence as the measure of the entanglement of two spins in the chain. The concurrence of two spins at sites i and j is defined as
Here, r α are the square roots of the eigenvalues of the product matrix R = ρ ij ρ ij in descending order; the spin flipped matrix ρ ij is defined as
The ρ ij is the reduced density matrix and can be written as following operator expansion form [8] 
The coefficients are determined by the relations
where σ 0 i = I is the unit matrix of 2 × 2. Because of the reflection symmetry, and the global phase flip symmetry, and the Hamiltonian being real, the only nonzero coefficients in equation (12) are p 00 , p 03 , p 30 , p 11 , p 22 , p 33 . Furthermore, p 00 = 1, because the density matrix must have trace unity [8] . And the two-point correlation functions are given by [14] 
where 
Finite-size effect and boundary terms
For the uniform anisotropic XY chain, Osterloh et al [9] found that the derivatives of nearestneighbour concurrence (NNC) have logarithmic singularities at the QPTPs. But their numerical results are obtained only for chains with odd spins. For the even-spin chains, by using the same method as that of paper [9] , we find that there is a gap in the curve of NNC versus λ at quantum phase transition point λ c (see figure 1 ). When the number of spins goes to infinite, the gap tends to zero as C ∼ N −1 (see the inset of figure 1 ). Therefore, we can conclude that the gap is caused by the finite-size effect.
The reason for the difference of NNC between the odd and even cases is neglect of the last term of equation (2) in solving the eigenvalues and eigenvectors of the Hamiltonian. The term is proportional to exp(iπ )+1 and only depends on the boundary spins, which has the effect of making changes of the order 1/N in k, φ k and ψ k , all of which are negligible in the calculation of real physical quantities for large system. But the entanglement is a property of ground-state wavefunction and is sensitive to the boundary terms, therefore the last term cannot be neglected. The term depends on the evenness or oddness of , i.e., if = odd, the term is equal to zero; if = even, then exp(iπ ) + 1 = 2. From the definition of , we can assume that has the same evenness or oddness as that of the size of the spin chain. Consequently when the size of the spin chain is even, the is even, and then the term cannot be neglected for finite-size chain. For even-spin chain the Hamiltonian must be rewritten and the elements of matrix A and B in equation (3) are changed as
That is, the boundary term is anti-periodic. In order to test our assumption, we study the NNC of the three-spin and four-spin cases. For these systems, we can obtain the concurrence by solving the Hamiltonian directly. The results are the same with those obtaining by solving equation (3) with (anti)periodic boundary for (four-) three-spin system (see figure 2) .
Furthermore, we calculate the NNC of the even-spin chains and found that they are the same with the results of the foregone odd-spin chains obtained by Osterloh et al [9] (see figure 3) . In this figure, we will see that the gap disappears at the critical point, and the minimum of ∂ λ C(1) behaves as the odd-spin chains. And the finite-size scaling is the same with the results of odd-spin chains.
Therefore we should use the anti-periodic boundary terms (18) to study the even-spin chains in the following study. 
Entanglement of the periodic spin chains

The period-two chains
For the periodic-two anisotropic XY chain in a transverse field, λ 2i = λ, λ 2i+1 = βλ, it was found [13] that there exists a critical value γ c =
1−β 1+β
, which is a function of β. For any γ (0 < γ < 1), there is a QPTP, and for γ < γ c there is an additional QPTP. The QPTPs are
This is due to the competition of periodicity and anisotropy. The additional QPTP is the result of two-spin clusters. In the numerical study, for finite-size system the additional QPTP disappears for odd-spin chains. Therefore, we only study even-spin period-two chains. For the period-two chain, the σ 2i and σ 2i+1 are not equivalent, therefore, the nearestneighbour concurrence C 2i,2i+1 and C 2i+1,2i+2 are different. But, they have the similar behaviours with changing of the parameters λ and γ . So that, we use the average concurrence C = 1 2 (C 2i,2i+1 + C 2i+1,2i+2 ) to study the entanglement. Similarly, we use C = 1 3 (C 3i,3i+1 + C 3i+1,3i+2 + C 3i+2,3i+3 ) to study the entanglement of the period-three chains. Figure 4 gives the numerical results of the concurrence for different γ at β = 0.5. Figure 5 shows the derivative of the concurrence at the vicinity of the QPTPs. From figure 5 we can clearly see that for any γ , there is one QPTP λ C 1 (see the figure on the left-hand side), and for
for β = 0.5) there is an additional QPTP while there is none for γ = 0.4 (see the figure on the right-hand side).
In order to study the behaviour of NNC at the vicinity of QPTPs, we study the derivatives of NNC for different sizes, and found that they have the same behaviour as that of the uniform case. Figure 6 shows the curve of the derivative of the NNC in the neighbourhood of λ C 1 the critical point for even-spin chains with a different size. From the figure, we clearly see that the derivative exhibits the same behaviour as that of the uniform chain at the quantum critical point. The minimum λ m of the curve changes as the increasing system size (see the inset of figure 6), and tends as
where α depends on γ , and α = −1.72 for γ = 0.2. The value ∂ λ C(1) at the first point λ m logarithmically diverges with increasing system size as
which can clearly be shown in the inset of figure 7. By proper s scaling [15] , it is possible to make all the data of the derivative of NNC for different N collapse approximately onto a single curve with critical exponent ν = 1 (see figure 7 and its caption). For the additional QPTP λ C 2 we also use the same method to the NNC and its derivatives. We find that the NNC at the additional QPTP has the similar behaviour as that of at the QPTP λ C 1 . The minimum λ m at the vicinity of the additional QPTP of the curve changes as the increasing system size (the inset of figure 8), and tends as The value ∂ λ C(1) at the second point λ m logarithmically diverges with increasing system size as
which can clearly be shown in the inset of figure 9 . Taking into account the distance of the minimum of ∂ λ C(1) of the period-two chain from the additional QPTP, it is possible to make all the data for different N collapse approximately onto a single curve (figure 9), and the critical exponent also is ν = 1. From the above discussion, we can see that the behaviours of the entanglement at the vicinity of both two critical points for the period-two XY chain are similar as that of uniform chain, and belong to the same universality class.
The period-three chains
For the period-three anisotropic XY spin chain, we choose λ 3i = λ 3i+1 = λ, λ 3i+2 = βλ. As same as that of period-two case, it is found that there exists a critical value of γ c , which is a function of β. For any 0 < γ < 1, there is a QPTP, and for γ < γ c there are two additional QPTPs [13] . This is also due to the three-spin cluster. By the same method as that in section 4.1, we calculate the concurrence of the period-three XY chain, from which we can study the behaviour of the entanglement of this case. Figures 10 and 11 give the typical numerical results for β = 0.5. For β = 0.5, the γ c is equal to 0.246 570 463 568 771. In figure 11 , we give the derivative of the concurrence of this case, which clearly shows the critical points.
The period-three case has the similar finite-size scaling law at every critical point as the period-two case, which we can easily see from figures 12 and 13. From figure 13 , we can see that the critical exponents at all the three critical points are all the same, ν = 1. So all the critical points belong to the same universality class.
Discussion and conclusion
By using the concept of concurrence the entanglement of periodic anisotropic XY chains in a transverse field is studied numerically. We find that the derivative of the NNC in the vicinity of all the critical points for uniform (T = 1), period-two (T = 2) and period-three (T = 3) chains have a similar scaling law, that is, it satisfies the same universality class. For all three cases, the minimum λ m of the curve at every critical point changes with the increasing system size and tends as λ m − λ c ∼ N α . Taking into account the distance of the minimum or maximum of ∂ λ C(1) of the three cases from the critical point, it is possible to make all the data for different N collapse approximately onto a single curve in the vicinity of every critical point, respectively. For every critical point, the critical exponent ν = 1, so all the critical points of periodic anisotropic XY chains belong to the same universality class.
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